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The modular class of a regular Poisson
manifold and the Reeb invariant of its
symplectic foliation
Abdelhak Abouqateb and Mohamed Boucetta
Abstract. 1
We show that, for any regular Poisson manifold, there is an injective natural
linear map from the first leafwise cohomology space into the first Poisson
cohomology space which maps the Reeb class of the symplectic foliation to
the modular class of the Poisson manifold. The Riemannian interpretation
of those classes will permit us to show that a regular Poisson manifold whose
symplectic foliation is of codimension one is unimodular if and only if its
symplectic foliation is Riemannian foliation. It permit us also to construct
examples of unimodular Poisson manifolds and other which are not unimodu-
lar. Finally, we prove that the first leafwise cohomology space is an invariant
of Morita equivalence.
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1 Introduction
The Reeb invariant of a foliated manifold is an obstruction lying in the first
leafwise cohomology to the existence of a volume normal form invariant by
the vector fields tangent to the foliation [5]. The modular class of a Poisson
manifold was introduced by Weinstein [11]. It is an obstruction lying in the
first Poisson cohomology to the existence of a volume form invariant with
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respect to the Hamiltonian flows. For a regular Poisson manifold, Weinstein
[11 ] pointed out that the two classes are closely related without giving an
explicit relation between them. In fact, the two classes represent the same
mathematical objet. We will show that the first leafwise cohomology space
is, in natural way, a subspace of the first Poisson cohomology space and the
Reeb class of the symplectic foliation agrees with the modular class of the
Poisson manifold.
On a Riemannian foliated manifold, we remark that the tangent mean cur-
vature gives arise to a tangential 1-forme whose leafwise cohomology class is
the Reeb invariant. This remark and the fact that the Reeb invariant is the
same object as the modular class permit us to have the following corollaries.
Corollary 1.1 Let (P, π) be a regular Poisson manifold. If the symplectic
foliation is Riemannian then the modular class of P vanishes.
Corollary 1.2 Let (P, π) be a regular Poisson manifold for which the sym-
plectic foliation is transversally oriented of codimension 1. The following
assertions are equivalent:
1) The modular class of P vanishes.
2) The symplectic foliation is Riemannian.
Corollary 1.3 Let (P, π) a simply connected and compact regular Poisson
manifold for which the symplectic foliation is transversally oriented of codi-
mension 1. Then mod(P ) 6= 0.
With this corollary in mind, we construct many examples of regular Pois-
son manifold with vanishing modular class and many examples with non-
vanishing modular class.
The first Poisson cohomology spaces of Morita equivalent Poisson manifolds
are isomorphic, according to Ginzburg an Lu [4], and Ginzburg [3] has shown
that the modular classes are compatible with this isomorphism. We will
show that the first leafwise cohomology spaces are also compatible with this
isomorphism.
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2 The Reeb class of a foliation and its Rie-
mannian interpretation
Let M be a differentiable manifold endowed with a transversally oriented
foliation F of dimension p and of codimension q. We denote TF the tangent
bundle to the foliation and X (F) the space of vector fields tangent to F . Let
ArF denote the space of sections of the bundle ∧
rT ∗F −→ M . The elements
of Ar
F
are called tangential differential r-forms. The expression
dFα(X1, . . . , Xr+1) =
r+1∑
i=1
(−1)i+1Xi.α(X1, . . . , Xˆi, . . . , Xr+1)
+
∑
i<j
(−1)i+jα([Xi, Xj], X1, . . . , Xˆi, . . . , Xˆj , . . . , Xr+1), (1)
where α ∈ Ar
F
and X1, . . . , Xr+1 ∈ X (F), defines a degree one differential
operator dF that satisfies d
2
F
= 0. The induced cohomology H∗
F
(M) is called
the leafwise cohomology.
An orientation of the normal bundle to F is a differential q-form ν on M
such that νx 6= 0 for any x ∈M and such that iXν = 0 for any X ∈ X (F).
For any X ∈ X (F), LXν is proportional to ν and one can define a tangential
1-form αF by
LXν = αF(X)ν. (2)
From L[X,Y ]ν = LX ◦ LY ν − LY ◦ LXν, we have
dFαF = 0. (3)
The cohomology class of αF denoted by mod(F) is the Reeb class of the
foliation.
The normal bundle to F carries an orientation ν such that LXν = 0 for any
X ∈ X (F) if and only if mod(F) = 0 (see [5]).
Now, we give the Riemannian interpretation of the Reeb class.
Let g be a Riemann metric on M and let ∇ be the associated Levi-Civita
connection. We denote T⊥F the orthogonal distribution to TF and X (F⊥)
the space of vector fields tangent to T⊥F . For any vector field X , denote
XF its component in X (F) and XF
⊥
its component in X (F⊥). The or-
thogonal volume form to the foliation is the differential q-form η defined by
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η(Y1, . . . , Yq) = 1 for any orthonormal oriented frame (Y1, . . . , Yq) in X (F
⊥)
and iXη = 0 for any X ∈ X (F).
A straightforward calculation gives
LXη(Y1, . . . , Yq) =
q∑
i=1
g(∇YiX, Yi) = −
q∑
i=1
g(∇YiYi, X). (4)
The second fundamental form of T⊥F is the tensor field B⊥ : X (F⊥) ×
X (F⊥) −→ X (F) given by
B⊥(Y1, Y2) =
1
2
[∇Y1Y2 +∇Y2Y1]
F .
Its trace with respect to g, called the tangent mean curvature, is a vector
field H⊥ tangent to F . We define a tangential 1-form K⊥ ∈ A1
F
by
K⊥(X) = g(X,H⊥), X ∈ X (F). (5)
(3) can be written
LXη(Y1, . . . , Yq) = −K
⊥(X) (6)
and so
mod(F) = −[K⊥]. (7)
Remark. This formula can be compared to the metric formula for the
Godbillon-Vey invariant ( see [8]).
Proposition 2.1 LetM be a differentiable manifold endowed with a transver-
sally oriented foliation F of dimension p and of codimension q. The following
assertions are equivalent:
1) The normal bundle of F carries an orientation invariant by the vector
fields tangent to the foliation.
2) mod(F) = 0.
3) There is a Riemann metric on M with vanishing tangent mean curvature.
Proof: We have shown that 1) ⇐⇒ 2)and that 3) =⇒ 2). We show now
2) =⇒ 3). Let g be a Riemann metric on M . If mod(F) = 0 then there is a
smooth function h ∈ C∞(M) such that dFh = K
⊥. It’s easy to verify that
the tangent mean curvature of the Riemann metric g1 = e
−
2h
q g vanishes.✷
It’s known that the second fundamental form B vanishes if and only if g is
bundle-like [9] so we get the following proposition.
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Proposition 2.2 LetM be a differentiable manifold endowed with a transver-
sally oriented foliation F of codimension 1. The following assertions are
equivalent:
1) mod(F) = 0.
2) F is a Riemannian foliation.
3) F is defined by a closed 1-form.
3 The modular class of a Poisson manifold
Many fundamental definitions and results about Poisson manifolds can be
found in Vaisman’s monograph [10].
Let P be a Poisson manifold with Poisson tensor π. We have a bundle map
π : T ∗P −→ TP defined by
β(π(α)) = π(α, β), α, β ∈ T ∗P. (8)
On the space of differential 1-forms Ω1(P ), the Poisson tensor induces a Lie
bracket
[α, β]pi = Lpi(α)β − Lpi(β)α− d(π(α, β))
= ipi(α)dβ − ipi(β)dα+ d(π(α, β)). (9)
For this Lie bracket and the usual Lie bracket on vector fields, the bundle
map π induces a Lie algebra homomorphism π : Ω1(P ) −→ X (P ):
π([α, β]pi) = [π(α), π(β)]. (10)
The Poisson cohomology of a Poisson manifold (P, π) is the cohomology of
the chain complex (X ∗(P ), dpi) where, for 0 ≤ p ≤ dimP , X
p(P ) is the
C∞(P, IR)-module of p-multi-vector fields and dpi is given by
dpiQ(α0, . . . , αp) =
p∑
j=0
(−1)jπ(αj).Q(α0, . . . , αˆj, . . . , αp)
+
∑
i<j
(−1)i+jQ([αi, αj ]pi, α0, . . . , αˆi, . . . , αˆj, . . . , αp). (11)
We denote H∗pi(P ) the spaces of cohomology.
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The modular class of (P, π) is the obstruction to the existence of a vol-
ume form on P which is invariant with respect to Hamiltonian flows. More
explicitly, let µ be a volume form on P . As shown in [11], the operator
φµ : f 7→ divµπ(df) is a derivation and hence a vector field called the modu-
lar vector field of (P, π) with respect to the volume form µ. Also
Lφµπ = 0 and Lφµµ = 0. (12)
If we replace µ by aµ, where a is a positive function, the modular vector
fields becomes
φaµ = φµ + π(d(Loga)). (13)
Thus the first Poisson cohomology class of φµ is independent of µ, we call it
the modular class of (P, π) and we denote it mod(P ). The Poisson manifold
is unimodular if its modular class vanishes.
4 Link between the Reeb class and the mod-
ular class of a regular Poisson manifold
Let (P, π) be a Poisson manifold whose symplectic foliation, denoted by F , is
a regular foliation transversally oriented of dimension 2p and of codimension
q. As shown in[11,pp. 385], the modular vector field of P is closely related
to the Reeb tangential 1-form. More explicitly, let ω ∈ Γ(∧2T ∗F) be the
leafwise symplectic form given by
ω(u, v) = π(π−1(u), π−1(v)), u, v ∈ TF .
Let ν be a transverse orientation of F i.e a differential q-form on P such that
ipi(df)ν = 0 for any smooth function f and νx 6= 0 for any x ∈ P . Choose
F a supplement distribution to TF and extend ω to a differential 2-form on
P by setting iXω = 0 for any X tangent to F . The form µ = ∧
pω ∧ ν is a
volume form on P .
For any f ∈ C∞(P ), since [Lpi(df)(∧
pω)] ∧ ν = 0, we have
Lpi(df)µ = (∧
pω) ∧ Lpi(df)ν = αF(π(df))µ = −π(α)(f)µ
where α is any differential 1-form on P whose restriction to F is αF .
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π(α) depends only on αF and we will denote it by π(αF). We get
φ(∧pω)∧ν = −π(αF ). (14)
In the following, we will give a more precise interpretation of this relation.
For 1 ≤ p ≤ dimP , we consider the subspace X p0 (P ) ⊂ X
p(P ) of p-multi-
vector fields Q such that iαQ = 0 for any α ∈ Kerπ. It’s easy to verify
that dpi(X
p
0 ) ⊂ X
p+1
0 . The natural injection X
p
0 →֒ X
p induces a linear map
H∗(X p0 ) −→ H
∗
pi(P ) which is injective for ∗ = 1.
Let π : ApF(P ) −→ X
p
0 (P ) be the map given by
π(ω)(α1, . . . , αp) = ω(π(α1), . . . , π(αp)).
It is easy to verify that π is an isomorphism and π(dFω) = dpiπ(ω) and hence
π induces an isomorphism
π∗ : HpF(P ) −→ H
p(X p0 (P )). (15)
So, we have shown the following theorem.
Theorem 4.1 Let (P, π) be a regular Poisson manifold for which the sym-
plectic foliation is transversally oriented. π induces a linear injection
π∗ : H1
F
(P ) →֒ H1pi(P ) (16)
and we have
π∗(mod(F)) = mod(P ). (17)
Remark. The fact that the leafwise cohomology spaces embed in the Poisson
cohomology is known ( see [10]).
The following corollaries are a consequence of this theorem, Proposition 2.1
and Proposition 2.2.
Corollary 4.1 Let (P, π) be a regular Poisson manifold. If the symplectic
foliation is Riemannian then the modular class of P vanishes.
Corollary 4.2 Let (P, π) be a regular Poisson manifold for which the sym-
plectic foliation is transversally oriented. The following assertions are equiv-
alent:
1) P is unimodular.
2) The symplectic foliation carries an invariant normal volume form.
3) There is a Riemannian metric g on P such that π(K⊥) is a hamiltonian
vector fields.
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Corollary 4.3 Let (P, π) be a regular Poisson manifold for which the sym-
plectic foliation is transversally oriented of codimension 1. The following
assertions are equivalent:
1) P is unimodular.
2) The symplectic foliation is Riemannian.
Corollary 4.4 Let (P, π) a simply connected and compact regular Poisson
manifold for which the symplectic foliation is transversally oriented of codi-
mension 1. Then mod(P ) 6= 0.
5 Examples
According to the above sections, we will give some illustration examples of
regular Poisson manifolds with vanishing modular class ( Reeb class) and
other with non-vanishing modular class ( Reeb class).
1. Any oriented foliation of codimension 1 on the sphere S3 is the symplectic
foliation of a Poisson structure on S3 with non-vanishing modular class.
2. Let (G, ω) be a symplectic Lie group ( for example the affine group GA(n))
( see [6]). Let P × G −→ P a locally free action of G on a differentiable
manifold P whose associated foliation will be denoted by F . The symplectic
form ω gives arise to a tangential 2-form on F which is symplectic on the
restriction to any leaf of F . This gives canonically a Poisson structure π on
P whose symplectic foliation is F .
If the action of G leaves invariant a Riemannian metric on P , the foliation
is Riemannian and the modular class of (P, π) vanishes. This is the case if
P a Lie group and G is a Lie subgroup which acts by left translations.
Another interesting case is the case where H is a Lie group with G as sub-
group and Γ is a discrete subgroup of H such that there is a Riemann met-
ric on H which is right G-invariant and left Γ-invariant. Then the natural
homogenous action of G on P = Γ\H is locally free and the associated fo-
liation is Riemannian. For example, the natural action of IR2p on the torus
T n = ZZn\IRn.
3. Let G be an unimodular Lie group and H an unimodular subgroup of G.
Let Γ a discrete subgroup of G. The homogenous left action of Γ on G/H
lives invariant a volume form on G/H . Let (M,ω) a symplectic manifold
with a free proper symplectic action M × Γ −→ M . The manifold P =
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M ×Γ G/H carries a foliation F whose leaves are of the form M × {.}. The
symplectic form ω gives arise to a tangential symplectic form and then a
Poisson structure π. Although the foliation is not Riemannian, the modular
class of π vanishes.
4. The affine group GA(2) can be considered as a subgroup of two simply
connected Lie groups od dimension 3 both having a cocompact discrete sub-
group Γ. The first one is S˜L(2, IR) the universal covering of SL(2, IR) and
the second is G3 whose Lie algebra is given by the relations
[e1, e2] = −e1, [e1, e3] = 0, [e2, e3] = −e3.
There is Poisson structure ( constructed as above) on the compact 3-manifold
M = Γ\H ( where H = S˜L(2, IR) or G3) whose the symplectic foliation is
the foliation given by the homogenous action of GA(2). This foliation ( of
codimension one) is not Riemannian and so the modular class of the Poisson
structure don’t vanish.
6 The first leafwise cohomology space is an
invariant of Morita equivalence
Following [17], recall that a full dual pair P1
ρ1
← W
ρ2
→ P2 consists of two
Poisson manifolds (P1, π1) and (P2, π2), a symplectic manifold W , and two
submersions ρ1 : W −→ P1 and ρ2 : W −→ P2 such that ρ1 is Poisson, ρ2 is
anti-Poisson, and the fibers of ρ1 and ρ2 are symplectic orthogonal to each
other. A Poisson ( or anti-Poisson) mapping is said to be complete if the
pull-back of a complete Hamiltonian flow under this mapping is complete. A
full dual pair is called complete if both ρ1 and ρ2 are complete. The Poisson
manifolds P1 and P2 are Morita equivalent if there is exists a complete full
dual pair P1
ρ1
← W
ρ2
→ P2 such that ρ1 and ρ2 both have connected and
simply connected fibers. Morita equivalent Poisson manifolds P1 and P2
have isomorphic first Poisson cohomology spaces. More explicitly, there is a
natural isomorphism
E : H1pi(P1)
≃
−→ H1pi(P2) (18)
which is defined by ( see [4] Lemma 5.2))
E([ξ1]) = [ξ2]⇐⇒ ∃F ∈ C
∞(W )/ ξ1 = (ρ1)∗XF , ξ2 = −(ρ2)∗XF . (19)
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Let ξ1 be a representant of a class in π
∗
1(H
1
F
(P1)). Then there exists a differ-
ential 1-form α on P such that π(α) = ξ1. Let ξ2 a representant of E([ξ1]).
[ξ2] ∈ π
∗
2(H
1
F(P2)) if and only if ξ2 is tangent to the symplectic foliation which
is true if, for any local Casimir function f , df(ξ2) = 0.
Let f be a Casimir function. Remark that the relation (ρ1)∗XF = ξ1 is
equivalent to the existence of ρ1-vertical vector field V such that
dF = ρ∗1(α) + ω
−1(V )
where ω : T ∗W −→ TW is the identification associated to the symplectic
form on W .
We have
df(ξ2) = −df((ρ2)∗XF )
= −d(f ◦ ρ2)(XF )
= dF (Xf◦ρ2)
= ρ∗1(α)(Xf◦ρ2) + ω(V,Xf◦ρ2).
Xf◦ρ2 is ρ2-vertical since f is a Casimir function so ω(V,Xf◦ρ2) = 0 and Xf◦ρ2
is ρ1-vertical so ρ
∗
1(α)(Xf◦ρ2) = 0. So we can conclude.
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